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l. Introduction

In the course of studying the flat spectral topology and a related discrete
Alexandroff topology in [8], we had occasion to prove that direct l imits of certain
types of directed systems of GD (going-down)-homomorphisms were also GD-
homomorphisms [8, Lemma 2.14]. ln the present notc, we establish a generalization
of this result which is valid for all directed systems of GD-homomorphisms (Theorem
2.1). Analogous results are obtained for, i.e., the INC-property (proposition 2.3). The
major portion of this article is devoted to showing that various classes of going-down
rings (in the sense of [4]) are closed under direct l imit (cf. Corollary 2.7). Results of
this sort are motivated in part by the well-known fact that directed unions of pri ifer
domains are themselves Pnifer domains; indeed, the present work includes three
proofs of a direct limit generalization of this fact.

Throughout, rings are assumed commutative, with l;a subring must contain the
I of the larger ring; and ring-homomorphisms are assumed unital, that rs. send I to l.

2. Main results

We begin with the promised sharpening of [8. Lemma 2.14].

THeonetr 2. l. Let (1, <) be a diret.ted set, and tet (A,, /,,) and (B,, gi) eath be
direct systems oJ'rings indexed by I. For each ieI, let h,.. AinBi bi a ring_
homomorph i smsa t i s f y i ngGDsuch tha t ,wheneve r i< j  i n l , t henQ i / i : h1 . / ' i 1  :  A , -g .
Set l: l im Ai, B:LimB, ancl l: l iT h,. Then h .. AnB atso sariiJies GD.

ProtJ. If the assertion fails, then [12], Exercise 37. p. 44 supplies pe Spec (l)
and Q e Spec(B) such rhat e :h(p)B and
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h( P) B n h( A'tP)( B',Q) + A

Thus,  f i=  th(pt )bt :h(a)b for  su i table e lements p ieP,  b ieB,  aeA' ' ,P and beB\Q. By

the construction of direct l imits (see [3], Lemma I, p. 203), we produce an index ael
and e lements: r , "e .8"  such that  g"(x i ) :b i  for  i :1 ,  " '  ,  n  and g"(x,* r . , ) :b ,  where

Q" I B"+fi is the canonical map. Similarly, there exist Be I and lip€Ao such that

l 'o(ytp) :p, for  i :1 ,  ' "  ,  n  and- fp(y,* t .p) :a,  where. fo ' .  Ao+A is  the canonical
map. Since directedness of / yields an index 7 majorizing both a and p, we may
suppose thar u: [].(In detail, xidmay be replaced by g"r(r,") srnce grgor:9,, etc.) As
hJ":g"h,ar'd ga is a homomorphism, it follows that

Thus,  by [3] ,  ( i i ) ,  p .204,  there is  an index k in  lsuch that  a<k and

g,u(Lh,( l',") x t ") : g,u( h "( yn + r . c)'rn + r . z) .

Since gouho:h*J"* by hypothesis, we have

2h u(.1'"u0 )) g "t (x i) : h r,( J "*( l, * r . "))9or(-r, * r . o) .

To complete the proof. it suffices to show (using the preceding equation) that io does
not satisfy GD.

Indeed, in view of [2], Exercise 37, p. 44, it suffices to verify thar P,:

. l iQ)eSpec( lu)  and Qr:StQ)e Spec(Bo) sat is fy  Qr=hr(Pr) :  J"o( ! , " )eP,  for  each
i :1.  " '  ,  n ,  . l , r ( ) , ,+1.a)€ Ak) , ,P;  and g-*(x^*r . " )eBuJQr.  For  the f i rs t  o f  these,  one
need only notice that 7r,ht(P):hJr{P)ch(P)c.Q. The second and third assertions
follow readily from the above information about pi and a, since Ji,J,,:.f, Similarly,
the final assertion reduces to requiring b$Q, and so the proof is complete.

Re,ue,nr 2.2. (a) Some special cases of the preceding result are noted next.
First, if Ai-B is a directed system of ring-homomorphisms each of which satisfies
GD, then the direct l imit map ltmA,-g also satisfies GD. Of course, this follows
from Theorem 2.1 by setting each B,:3 and g,,: l. Secondly, specializing to the case
Ai:A, Jii:I recovers [8, Lemma 2.14]. Thirdly, let (8,, Ut) be a directed system
indexedbylandsetB:11$ Br l f  ke l issuchthatg, , l :  81,+B. ,sat is f iesGDwhenever
k<7, then the canonical map 91,'. Bu+B also satisfies GD. For a proof, let B':
lgl -B,, where the indexes range over those 7 e 1 such that k <j. By the preceding ob-
servat ion,  the canonicalmap 91'2:  Br+f i 'sat is f ies GD. However,  s incel is  d i rected,
a cofinality argument identifies B with .B', whence gu is identified with gi, and
the assertion follows.

(b) As a special case of the second observation in (a), that is of [8, Lemma
2.141, we easily recover [13], Corollary 2, whose proof was our original inspiration
for Theorem 2. l. Specifically, we have that if A is a subring of B such that AcA[b.,
" ' , b"l satisfies GD for each finite subset {br, . . . , b^} of B, then AcB also satisfies

n"(, : I ,  h,(  v )x t , )  :  u o(ho( ) ' ,  *r ,  ")r ,  + r . , )  .
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GD. The point, of course, is that .B is the direct l imit of its subrings of the form A[br.
' ' ' ,  b , ) .  I f  the l -subalgebras correspondinE to n: l  happen to be cof inal  amongst
the l-subalgebras of f inite type then, to use the terminology of [13], 

"simple going
down" for AcB implies that AcB satisfies GD. It would be of interest to
characterize those extensions I c I for which such cofinality obtains.

(c) Note that analogues of Theorem 2. I and the above consequences may fail
when "satisfies GD" is replaced by "induces an open mapping of prime spectra with
their Zariski topologies." ln particular, consideration of the extension Z cQ reveals
the falsity of the analogue of [8, Lemma 2.14]; indeed [14], Remark 3.12 guarantees,
in  the terminology of  i l4 ] ,  that  Zrsan FTo-domain which is  not  an ooen domain.
For some positive analogues, see the next result.

First, some terminology. As in [12], p 2g, it wil l be convenient to let INC denote
the incomparabil ity property. Adapting from [14], p.2, we shall say rhat a ring-
homomorphism /' : A-Bis an i-map if f* : Spec(B)'Spec(l) is an injection; and
an integral domain I is called an i-domain if the inclusi on A c- B is an r-map f or each
overring B of A.

PnoposrrtoN 2.3. Let (A,, Jir) and(Bi, giu) be direc:ted svsrems oJ rings. each
indexedbyadirectedset(1,  <) .Foreach. j  e I ,  le th, :  A i -Bibear ing-homomorphism
satisJt"ing INC (resp., which is an i-map) such that, w,henever j<k in I, then g1,hi:
huJ'to. Then h:l1g:hi t A:ryA,+B:li6B, satisfies INC (resp., i,s an i-map).

ProoJ. If the assertion concerning INC is assumed to fail, then there exist
d is t inct  comparable pr ime ideals Q-W of  B such rhat  h*(e\ :h*(W):pe Spec( l ) .
Select b ew\,Q.By the construction of direct l imits, there exist an index ke 1 and
an element -re B* such that gu$):b, where (Jt,.. Br-B is the canonical map. Let
Wr:Sf(W),  Qr:StQ) and P, : f te) ,  where. f r , :  A*-A is  the canonical  map.
Evidently, Qr-Wr are comparable prime ideals of Bo, distinct since -re Wr,,,,er. But
the condi t ion 0xk:h. /xreadi ly  y ie lds that  ht (Q):  J te) :ht (Wr) ,  conrradict ing rhe
assumption tnat hk satisfies INC. The precedrng argument also applies , mutatis
mutandis, to give the assertion about r-maps.

To avoid unnecessary repetit ion, let usy'r t lotation./br (2.4) (2.10). Data wil l
consist of a directed system (A:,.f io) of rings indexed by a directed set (1, <); and its
direct l imit, A:l imlr, togerher with the canonical maps./j .. A,+A.

clonor-lenv 2.4. IJ A., is an i-domain.litr each.i eI, then A is also an i-clomain.

ProoJ. If not, then as in the preceding proof (also cf. Ir4], proposition 2.10),
there exists an element ar in the quotient f ield of I such that B:Alul has distinct
prime ideals Q, Ilz such th at u e w.e and e a A : w a A : p espec (l). w rjte u : cth 

- r
for appropriate nonzero a. b e A. By the construction of direct l imits. there exists k e 1
and c, de lu such thar" /'r(c):q and j'o($:6.

We claim that there exists a ring-homomorphism H : D:Ar.[crl-1]-B which
restricts to/u on Aoand sends cd I to a. For this, it is enough to show that if I is the
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homomorphism l*[{ - B which restricts to /k on lk and sends .l '  to a. then /r vanishes
on the kernel  of  the evaluat ion map AulX]+D. Now. i f

l J  : l c t X " l t t r X "  l + " '  i a r e A u [ \ ]

is  an n- th degree polynomial  in  that  kernel ,  i .e .  sat is f ies g(cd 1) :0.  then,

0 :  d 'g ( t 'd  t ) :  eod '  +  a rcn '  I  d  +

Applying /1, and dividing by b" results in

I and'

g- . / r ( a )u , l f  1 , (u r )u , '  
i  + . . .  * . / u@) :hkJ ) .

as c la imed.
Observe that  Qt :  H*(Q) and l4/ r -  H*(m are pr ime ideals of  D.  d is t inct  s ince

r :d  I eWr " ,Qr .Bu t thecond i t i onssa t i s f i edbyH imp ly Iha tQ taAr : . l fQ ) :WraAr , .

whence the inc lus ion A*c-  A^[ tJ  r ] is  not  an / -map.  contradic t ing the assumpt ion that
l, is an r-domain. This completes the proof.

Corollary 2.4 is reminiscent of the well-known fact (cf. [9]. Proposition 22.6) that
a directed union of Priifer domains is itself a PrLil-er domain. Indeed. Prii ler domains
may be characterized as the integrally closed r-domains [9], Theorem 26.2. Recall
that, in general. each overring of an i-domain is a going-down ring [1,1], Corollary
2. 13. Accordingly. one might conjecture that the classes of Priifer domains and of
going-down rings are closed under taking direct l imits. We shall soon establish these
conjectures, together with their analogue lbr locally divided domains, a type of going-
down ring l iguring intimately in the analysis of arbitrary going-down rings (cf. [5],
Theorem 2.5 and Corollary 2.8). For completeness, we recall that an integral domain
D is called dir: ided in case P:PDp for each Pe Spec(D); and D is said Lobe lot'all1'
divided if Dn is divided for each Pe Spec(D).

PRoposlrtoN 2.5. (a) IJ A, i.s a PrilJer domain for each je I, then A is also a
PriiJer clomain.

(b) IJ A, is divided.lor eac'h j e I, then A is divided.
(c) IJ A, i.s lot'ally divided./or each.jel, then A is localll, divided.

Prool. In any event, I is an integrai domain (cf. [2], Proposition 3. p. 122).
(a) One proof proceeds by applying Corollary 2.,1. since any direct l imit of

integrally closed integral domains is itself integrally closed. For a rnore direct proof,
we shall use the criterion that an integral domain is a Pnifer domain if and only if
each of its ideals is f lat. Let ./ be any ideal of I and, for each7e1, ser Jj:./ j  tQ).

Since l, is a Prtifer domain, J,is A,-flat. Thus, by [], Proposition 9, p. 35, l im"I, is
A- f la1.  However,  according to [0] .  Proposi t ion 6.1.2 ( i i ) ,  p .  128,  ! !q- / r : . / ,  and
so the assertion follows.

(b)  LeL PeSpec(,4)  and,  for  each 7e I ,  set  P, : . / ] (P)eSpec( l ) .  As above.
P = l lq {i. However, each A j is supposed divided, and so P i-
P1(A)r,= P;@ n,(A)rr. Since tensor product commutes with direct l imit, the proof
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that P: PA" wll l be complete if Ap>lirq(.4;)r,. However, this needed isomor-
phism r /oes hold,  by v i r rue of  [ r0] ,  proposi t ion 6.1.6 ( i i ) .  p .  130,  whose appl i -
cabil ity is a consequence of noticing that p j:.1 k(p*) wheneverT<{ in 1.

(c) we shall offer two proofs. First, let pe Spec (A) and, for each 7e 1, set pr:
. l i (P) .  As in  the proof  of  (b) ,  an appeal  to  [10]  reveals l " : l ,T( l r )p, .  S ince '1 ,  is
assumed to be locally divided, (lr)p, is divicted, and so un upp.ot to (b) shows that
l" is divided. Since P was an arbitrary prime of l, the assertion lblrows.

To sketch another proof of (c), we recall from [6], Theorem 2.4 that an integral
domain D is  local ly  d iv ided i f  and only j f  D+eDois D_f lat  for  cach ee Spec(D).
Now, let P, P'be as above. Since l, is locally aiviaea lor each 7 and direct l imit
preserves flatness, it follows that B:Lr (A;ipi(A1)r,) is l-f lat. Hu*"u.., one may
verily routinely that the canonical D-module epimorphism B_l*pl" is an
isomorphism, from which the assertion (again) follows.

Lgvnae 2.6. A.r,sume that each A, is a cromain. Then eat:h overrittg B ./ A may be
e.xpressed- 

? 
B:l4B;, n.here B, is an overring o./ Ai.for each jeI, sut,h tlwt the

canonit:al diasram

-

+

B ,

;

I
" .1

)
commutes v'henever i e I.

Proo/" Let K be the quotient f ield of l, and consider an overring B of r (so that
Ac-Bc. IQ.  For  eachTel  le t  P, :J fQ)e Spec( l r ) .  As in  rhe proofs ot .par ts  (b)  and(c)  of  Proposi t ion 2.5,  we have l im( l ; )p,=K.  In parr icu lar ,  ( iA)r , ,g ; r )  is  a c l i rected
system indexed by l note rhar g,r restricts to /)* on A,. Ler n, | \o,1r,-K be the
canonical structure map,and set B,:(.1 . t18) Then A,c_B,rin.. c, restricts to./) on
At. The idea of the proof is now to veiify the following ui...t ionr',

1l) 
(Bi, Ult lur) is a directed ser of rings indexed by /;

(2) Whenever 7< k in I, one has (giu) ",)h,:hrl1r, and
(3) The direct i imit of rhe sysrem in ( l ) may be identif ied with B rn such a way

that l im/r, becomes identif ied with the inclusron map A+8.
Now, (1)  fo l lows readi ly  f rom the condi t ion u$i r :g i .The compat ib i l i ty

condition (2) is a consequence of the above remarks. Finaliy, to'establish (3), observe
rhar  rhe d i rect  l imi t  o f  the system in (1)  may.be v iewed as _8, :ur in- , tn- i " l . l
union indexed by 1. Evidently, B'cB, by the definit ion of rr. norihe reverse inclu-ston, view any given b e B inside l iry (rr)r, and use the consiruction of direct l imits(ci. [3], Lemma l(i), p. 204) to nia iei and xe(A)ru such rhat 91re):bt then
xeurt lB l : ,Bu,  whence be B' .  Thus B:B' .  For  the f ina l  asser t ion rn (3) .  one has
to verify that the inclusion map A+B is compatible with the composite maps
Aj-Bi -8,  and th is  holds s ince 0;  rest r ic ts  to. / j .  The proof  is  complete.

Lemma 2.6 is perfectly suited for our present purposes. For example. it
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immed ia te l y recove rsCoro l l a r y2 .4s incead i rec t l im i t o f (abe l i ang roup )monomor -
ph i sms is i t se l f u -ono -o 'O t r i sm 's im i ta ' t y ' l - t - ' ou2 '6a l so leads toa ( th i rd )p roo f
of Proposition 2'5(a), 'i""t P'iif"t 9"T111t 

may be characterized as the integral

domains each of *h"" ;";;t ings is f lat [15]' Theorem 4' More to the point' we now

give the Promised resul t '

C o R o l - l a . n v 2 ' 7 ' I J A , i s a g o i n g - t l o n n r i n g J ' t t r e a c h j e l ' t h e r t A i s u l s ; o a g o i r t g '

dov'n r tng'  

'  ' :^ .^  +L^+ ^h infcol  ; -down r ing i f  and

Proo.f . Use the criterion that an integral domain D is a gotnl

o n l y i I t h e i n c l u s i o n o - r , u t i , n . s G D f o r . u . t ' o u . . . l n g E o f D . A p p l y L e m m a 2 . 6
uni Th"or". 2'1, to complete the proof'

ou rnex t resu l t conce rnsQR-doma ins 'Reca l l t ha tan in teg ra ldoma inD issa id

ro be a QR_domain ,;;;r;;"; overring or b i, a quotient ring (ring of fractions) of

D. As quotient ' i^s;;;;;; ' ;;t Qn"-domain -u't bt a Priifer domain and' in

par t icu lar .  a  going-down r ing '

Conot-lnnv 2'8' IJ'A, is a QR-clomain Jor each ' iel '  then A is also a QR-

domaitt.

Proof . Let B be an overring of '4' By Lemma 261 B-lryB,' where B' ts a

suitable overring "; ,4,]"; each"i e 1' By hypothesis ' B':(A') '" where we may

suppose that I, i' u 'lt"'ut"d multiplicative subset of 'a'' O"bserve' using (2) in

the proof oi t_emrri 

"l.ei, 
,nu J:u(T, -i i  *tr.tt.uer j<k" Ln_J. Letting I be the

mulriplicative ser U{.4(ri) l le 1} -_,4, on. i"udily verif i ls (cf' [10]' Proposition 6'l '5'

p. 129) that the t""tt i""f ring-homomorphism llEB''A7 is an isomorphism'

comPleting the Proof'

Our final results concern strong extensions [7] and pseudo-valuation domains

[ l l ] . R e c a l i t h u t u . , . * t . n s i o n D c E o f r i n g s i s s a i d t o b e . s l r o n g i f . w h e n e v e r ' t . t . e P
for some re -L, -t ' t;;t; PeSpec tl l '  tttt i  either 't or f is in P; and that a domain

D is a psrwlo-''utJati"n 'to*oin (PVD) in case DcK is strong' 
In"-t: -llt 

tn'

quotienr l ield ot.i l ;; pvn L a divided ring and, hence, a going-down nng'

PnopostrtoN 2'9' Let (A1'fv) and (8,'gix) be directed^q:stems "J '*r:" 
:: ' : l^

indexetl b.v a clirectedser (1, <). Fbr eat.h 1et, 'tet h' : A,..!,be a strong extenslon

such  tha t ,  t t heneve r  i <k  i n  I .  t hen  0 f i 1 :hu1 ' l .T r ten  h : r ! gh , :  A : l tmAt+B :

lrm B, is a '\tr lng c'rlension'

Proo./ '. Suppose that 'x1'e P for some 'r€ B' yeB' PeSpec(B)'By the nature

o fd i rec t l im i t s ' t he reex i s t san indexTande lemen tsx , ' 1 , , o f .B , such tha t9y ' " x ; ) : r '
gi(t-i):.v uno t,y,trrl ' ; tt '  tcr 

"troj ' 
Proposition 6l'2)' Since f is assumed

strong, either r, or y, is in Pr' and so either x or 1l is in P' as desired'

Conolr-env 2'10' If A, is a PVD Jbr each ieI and 
' iJ'f 'u 

is a monomorphism

whenever i<k in I, then A is a pvD "ri rn, quot' ient f ield of A it [qK;' where Kt
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denotes the quotient ;ftetct ol' A,.for each j e I.

ProoJ. By the definitron of 
fVD's. 

Ai-Ki is a strong extension fbr each 7e 1.Thus, by Proposition 2.9,.A +rimK, is also rt.ong. Since l im K, is readily shown ro bethe quotient f ielcl of A. the asseitions follow
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